Algebra II Notes --- Substitution and Elimination
Although this is not an SPI, it addresses concepts that are essential for successfully mastering the SPI listed below.  I use these notes along with some sample problems from the textbook as an independent, self-directed assignment to be completed before introducing systems of linear equations in three variables.

SPI 3103.3.8      Solve systems of three linear equations in three variables.
1.  When solving one equation with only one variable, the goal is to ISOLATE THE VARIABLE.

     For example, 3x + 73 = 91




   3x = 18





     x = 6

     Explain how to check to make sure that 6 is the correct solution to the above equation.

2.  When solving one equation with two variables, such as x + y = 90, how many solutions exist?  
     Give an example of a solution to x + y = 90.  



3.  When solving systems of equations (as previously done by graphing), there are three 
     possible types of solutions.  Briefly explain these three types of solutions.  Using a graph to 
     illustrate each type would be helpful.

4.  Why would a method other than graphing often be a better way to solve systems of 

     equations?

5.  When solving systems of equations algebraically, the goal is similar to that of solving linear 

     equations with one variable.  However, in systems of equations, there are at least two 

     variables for which to find a value.

     Is (2, 3) a solution of the system      y = 5 – x






        2x – y = –5     



     Explain how to determine if it is a solution?  









     Is (0, 5) a solution to the above system?   




6.  One method used to solve systems of equations algebraically is the elimination (linear 

     combination) method; another method is substitution.
     When working with systems of equations, there are three ways in which the equations can be 

     transformed without changing the value of the equation(s):  (1)  One or all of the equations 

     may be multiplied by any nonzero number,  (2)  The equations may be added together,  and 

     (3)  A variable may be replaced with an equivalent value or expression.

     Below is an example of each of these transformations.  Study these examples, and 

     summarize what is being done in these examples to go from the “given” system to the 

     “transformed” system.
     GIVEN


TRANSFORMED


WHAT WAS DONE?
     1.  2x + 3y = 6

2x + 3y = 6

          5x – y = 2

15x – 3y = 6

     2.  25x + 15y = 35
34x = –34

            9x – 15y = -69 


     3.  2x + 5y = 11

2(4) + 5y = 11

             x = 4

     4.  2x + 5y = 11

2x + 5(x + 4) = 11

            y = x + 4

     Keep in mind that these transformations do not change the value of the system.  

     Transformations #1 and #2 are used primarily in the elimination (linear combination) method, 

     while transformation #3 is used primarily in the substitution method.

7.  In the elimination (linear combination) method, the goal is to eliminate one of the variables in 

     order to find the value of the other variable(s).  Study the three examples and explanations 
     on the next page; then solve the systems in #8 using the elimination (linear combination) 
     method.

A.   x + 2y – 11 = 0

Step 1:  Make sure like terms are lined up vertically.

                3x – 2y = 1      



      x + 2y = 11

Step 2:  Since the y terms already have coefficients that are

                3x – 2y = 1       


   opposites, the 2 equations can be added together to







   eliminate the y.


      4x = 12

        x = 3


Step 3:  Solve for the remaining variable (x).


      3 + 2y = 11

Step 4:  Substitute the value for x into either of the original



 2y = 8


   equations to find the value for y.



   y = 4



(3, 4)



     CHECK:  3 + 2(4) = 11
Step 5:  Check the solution in BOTH of the original equations.


    
              3 + 8 = 11   


    3(3) – 2(4) = 1


             9 – 8 = 1   

B.   2x + 4y = 18

Since adding the equations together would not eliminate one

                 3x – 2y = –29 

of the variables, it is necessary to multiply one (or both) of the

                 2x + 4y = 18

equations so that one of the variables will be eliminated.


      6x – 4y = –58 







In this case, it would be easier to multiply the second equation



8x = –40 

by 2 because the signs are already opposites and only one



  x = –5 

equation has to be multiplied.


      2(–5) + 4y = 18

Now follow the directions in example A.


       –10 + 4y = 18


  4y = 28




    y = 7



  (–5, 7)
CHECK:  2(–5) + 4(7) = 18

3(–5) – 2(7) = –29





         –10  + 28 = 18 
     –15 – 14 = –29  

C.    4x + 5y = 3

Since multiplying one equation would not help to eliminate


        3x + 2y – 4 = 0 
one of the variables, it is necessary to multiply both equations


        4x + 5y = 3

by something.


        3x + 2y = 4     



      –12x – 15y = –9

I chose to multiply the first equation by -3 and the second
                   12x + 8y = 16  

equation by 4; however, this is not the only way the system






could be solved.  Any equation can be multiplied by any



–7y = 7

nonzero number as long as each term is multiplied by that #.



    y = –1

Whatever you choose to multiply by, it should lead to one of






the variables dropping out when you add the equations


       4x + 5(–1) = 3

together.


             4x – 5 = 3



        4x = 8

Now follow the directions in example A.



          x = 2




  (2, –1)
CHECK:  4(2) + 5(–1) = 3

3(2) + 2(–1) – 4 = 0






         8 – 5 = 3     

     6 – 2 – 4 = 0     

8.  Solve each of the systems below; use the elimination (linear combination) method.  Be sure 

     to check each solution.
     A.  4x – 3y = 6





B.  5x + 6y + 8 = 0


2x – 5y = –4





      3x – 2y = –16


Solutions:   8A.)  (3, 2)

8B.)  (–4, 2)

  9.  Some of the most important things to remember when solving systems of equations is to 
       be neat, show your steps, and be careful with signs, etc.  Checking your solution can also 
       help to catch careless mistakes, such as sign errors, reversing x and y, etc.

10.  When solving a system of equations, it is possible that both variables will drop out.  If they 

       do, it means that the system has no solution or that the system has infinitely many 

       solutions.  If the statement remaining after the variables drop out is true, the system has an 

       infinite solution set; if it is false, the system has no solution.
11.  Substitution is another method used to solve systems of linear equations.  This method is 

       best suited for equations in which one variable of one of the equations is already on one 

       side of the equation by itself OR if one of the variables in one equation has a coefficient of 

       one (which means it would be easy to solve the equation for that variable.  Study the 

       examples below; then work the problems in #12.

       A.  4x + 3y = 19


Since the value of y is already known, substitute the value of y 


           y = –3 

into the other equation and solve for y.  The remaining steps





are exactly like the elimination (linear combination) process.


  4x + 3(–3) = 19


    4x – 9 = 19


       4x = 28


         x = 7



     (7, –3)

CHECK:  4(7) + 3(–3) = 19






         28 – 9 = 19     


B.  2x + 5y = 9

Since x is solved for in the second equation, substitute the


       x = 2y – 9  

value of x  (2y – 9) into the OTHER equation --- then solve the






remaining equation and proceed as in the elimination method.


       2(2y – 9) + 5y = 9


        4y – 18 + 5y = 9



9y – 18 = 9


                 9y = 27



         y = 3


        x = 2(3) – 9


        x = 6 – 9



        x = –3 





(–3, 3)

CHECK:  2(–3) + 5(3) = 9

–3 = 2(3) – 9







        –6 + 15 = 9     
–3 = 6 – 9     
12.  Solve each system using substitution.

        A.  2x + 5y = 90




B.  3x – y = 5


        x = 0





       x + y = 11


SOLUTIONS TO #12:  12A.)  (0, 18)
12B.)  (4, 7)

13.  Although both methods (elimination and substitution) work to find the solution to a system of 

       equations, some systems are set up so that one of the methods is easier and/or more 

       efficient.  It is likely that you will be asked to use each method on an assessment.
